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We consider the two-commodity flow problem and give a good characterization of the opti-
mum flow If the augmented network (with both source-sink edges added) is planar. We show that
max flow=min cut —1, and describe the structare of those networks for which equality holds.

1. Introduction

L.1. Let V be a finite set of vertices, [}'] denotes the set of unordered, and (V)
— the set of ordered pairs of distinct vertices, called edges and arcs, respectively.
Consider a network (V, ¢) where ¢:[V]—Z . is a capacity function, and let G(¢)=
(V, E(c)), where E(c)={ec[V]; c(¢)=0}. For nonempty disjoint subsets X, ¥
of V, let [X, Y] denote the set of edges with one end in X and one in Y. For a proper
XV put 6X=[X,V—-X], " X=XX(V—-X), 6 X=(V-X)XX. If 41is a set,
J1s a function on A4 and BE 4, we write f(B) instead of 3 {f(a); ac B}. When
B=[X, Y]E[V], we write ¢[X, Y] instead of ¢([X, Y]).

For nonempty disjoint subsets X, Y of ¥, put

mip ¢(X, Y:¢) = min {c(dU); XSUSV-Y},
and for Z&S([V] put
min ¢(Z; ¢}y = min {c(8U); USV, ZSSU},

if at least one such U exists (i‘e. if the graph (V, Z) is bipartite). A set ¢U such that
ZSoU and c(8U)=min ¢(Z; ¢) is called a minimal Z-cut (for c).

L.2. A flow with the set of sources X and set of sinks ¥ (or shortly, an (X, Y)-
flow), where X, YCV, X(1Y=0, is a function f: (V)R with div,(2)=0 for
eV —(XUY), =0 for v€¢X, and =0 for v€Y, where

divy(v) = X {f(v, )—f(z, v); z€V— {u}}
The quantity div, (X)= —div, (¥) is called the norm of f and is denoted by [ f].

AMS subject classification (1980): 90 B 10, 90 C 10
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Let ZS[V]. A Z-flow in (V, ¢)is a family F={f,; z€Z} of flows, each with
one source and one sink, where z is the (unordered) pair [source, sink] for f,, satis-
fying the joint capacity constraints

S{AG DA ) 2€Z) = dfx, 5] for all [x, YIEWV].
Put [Fll = X {I£ll; z€Z}. Obviously,
(1.2.1) IF|l = min ¢(Z; ¢),
whenever the right hand side is defined.

1.3. Let max f9(Z; ¢) denote the maximum of || Fij over all integer-valued
Z-flows in (V, ¢), and let max /" (Z; ¢) denote the same for real-valued Z-flows.
Surely, max f(Z; c)=max f(Z; o).

In this paper max f(}(Z; ¢) is found for the special case when |Z|=2 and
the graph G(c)UZ 1s planar. We shall prove that

1.3.1) max /*NZ: ¢) = minc(Z; ¢)—1,

and equality holds only for a very special class of networks which is completely char-
acterized.

Recall that in real numbers the well-known result of T. Hu [5] asserts that, if
|Z]=2, then, for arbitrary c,

max f*(Z: ¢) = min ¢(Z; ¢),

and the simple counterexample in Fig. 1 shows that in integers this equality is not
true. The graph I' in Fig. | is K, subdivided by two additional vertices, 5, and s,,
placed on non-adjacent edges of K,; Z={z, z,}, where z;=[s;, 7}, i=1,2, and
er(e)=1 for e€E(I')—Z and 0 otherwise. Surely I' is planar, and we have min
e(Z; ¢p)=2, while maxf®(Z; o)=1.

We shall also see that if G(c)UZ is planar and max f(Z; ¢)<min ¢(Z; ¢),
then G(c)'UZ contains a subdivision H of I' such that

max fO(Z; ¢c—cy) = minc(Z; c—ey) = minc¢(Z; ¢)—2,

where cz(e)=1 for e€¢E(H) and 0 otherwise.

Fig. 1
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1.4. Definition. (V, ¢) is called Z-special for a given Z={z,, z,} if there exists
a 6-partition (R, R,, Sy, Sz, Ty, T5) of V such that

(1.4.1) €S, T, «=1,2;

(1.4.2) 0(S;USy), (T UTy) and §(S;URUT,) are minimal
Z-cuts of (V,¢); and

(1.4.3) both ¢(dR;), c(dR,) are odd.

Exemple: the network in Fig. 1 is Z-special.

1.5. Theorem 1. Let (V, ¢) be a network and Z={z,, z,} C[V}. Suppose that
G()UZ is planar. Then either

(1.5.1) max fU(Z; Yy =mine{(Z;¢), or
(1.5.2) max f(Z; ¢) = min ¢(Z; c)—1;
moreover, (1.5.2) holds if and only if (V, ¢) is Z-special.

Theorem 2. Ler (V, ¢) be Z-special and G(c)UZ be planar. Then there exists a sub-
graph H of G(c)UZ with Zc H such that

(@) H is a subdivision of Ky with z,, z, lying on nonadjacent (subdivided) edges
of K, (shortly, H is “a subdivision of I'”)

(b) min c(Z; c—cy)=min c(Z; ¢)—-2; and

©) (V,c—cy) is not Z-special.

The first theorem clearly shows that (1.5.1) should be regarded as the “rule”
and (1.5.2) as an “exception”. This is emphasized by the following two sufficient
conditions guaranteeing (1.5.1). The first of them is straightforward from Theorem 1.
Corollary 1. Let G(a)UZ be planar, where Z={zy, z,}, z,=[s,. 1,). 2=1,2. Put
As=1{sy, s2f. A= {1, 1), Bi={si, ), By={ss, t;}. If

(1.5.3) min c(A,, A,; ¢) # min ¢(B;, By; ¢),
then (1.5.1) holds.

The second sufhcient condition will be derived from the proof of the main
result.

Corollary 2. Let G()UZ be planar, where Z={zy, z,}. If

(1.5.4) min ¢(zy; ¢)+min ¢(z,; ¢) 7 min ¢{Z;c),
then (1.5.1) holds.

Theorems 1 and 2 may be applied to the following existence problem: given
dy.dyeZ ., does there exist an integer Z-flow F={f,, f;} (where f, stands for
L) with | fll=d,, 0=1,27 Let z,=[s,, £,], x=1,2. Add two new vertices s7, 53
to ¥ and define ¢’: [FU{s;, s3}]=Z, by: <'[s,, s]=d,, ¢'[s5, 9]=0, veV—{s,}
for =1,2; ¢'(e)=c(e) for e€[V] and ¢'[sy, s5=0. Put Z'={[s., t,]; a=1, 2},



210 M. V. LOMONOSOV

Corollary 3. Lot G(c)UZ be planar, and dy, dyeZ . An integer Z-flow F={f1, [5}
with || fll=d;. i=1,2, exists if and only if

(1.5.5) min ¢(Z: ¢’) = d;+d,,

and the network (VU {s], 3}, ¢’} is not Z-special. If (1.5.3) holds, but this network is
Z-special then there exist integer Z-flows F'={f], fy} with | f{i=d,—1, | il =d,
and F"={f", £} with f{l=d,, 1f5|=d.—1

1.6. The question considered in this paper may be regarded as a special case
of a general problem sounding as follows: to what extent max f*9(Z; ¢) depends on
cuts of (¥, ¢) cutting the edges of Z ? In real numbers, the class of Z’s is characterized
in [6] such that for every (¥, ¢) max f(Z; ¢)is expressible, in the spirit of the linear
programming duality, as a positive linear form of the quantities min ¢(X, Y ¢),
where X, YC V' are covered by Z.

In integers. the following results are known for the case |[Z|=2 and arbitrary
networks:
(1.6. 1) Existence of an integer Z-flow F= {fl, J»} with prescribed | fill and ||/,
is NP-complete [3]. By the arguments used in 1.5, a good characterization of
max fUNZ; ¢) for arbitrary networks would imply the same for the integer two-flow
existence problem.
(1.6.2) (Cherkasski [2]) Let |Z]|=2 and c¢(6{z}) be even for each €} not inci-
dent to Z. Then (1.5.1) holds.
(1.6.3) (P. D. Seymour [7]) Let G=(V, £) be a graph, and let ZES E, |Z|=2. The
equality (1.5.1) holds for every ¢:[V]—-Z, satisfying ¢(e)=0 for all e€[V]—E,
if and only if G contains no subdivision of I'.

Sections 2,3 contain simultancous proofs of both Theorems and Corollary 2.

2. Prelimminary considerations (not using planarity)

2.1. Proposition. /f (V,c) is Z-special then max fO(Z: ¢)<=min ¢(Z; ¢).
(Here G(c)UJZ is not necessarily planar.)

Proof. Let (V, ¢) be Z-special and F be an integral Z-flow in (¥, ¢) with the maximal
| FIi. Suppose that [F|=minc¢(Z;¢). Define a:[V]—2Z, by alx, y]= D12
(f.(x, »)+/fo(p, x)). Then a=c. Since Fis integral a(3X) is even for every XV
with (6X)NZ=@. Further, for every XcV with ZZdX such that ¢(6X)=
=min ¢(Z; ¢) we have a(e}=c(e), ecdX. This, in particular, is true for X¥=5;US,,
T,JT, and S;UR,UT,. Thus we have a(e)=c(e) for e€[R,, S,], for e€[R,,
S{URUT,) and for e€[R,, T,], since these sets are contained by 6(S,US,),
S(S;URUT,) and o(7,UT,), respectively.

But  JdR,=[Rs, So]U[Rs, SSURUTHU[R,, T3],  Hence a(dR.)=c(0Ry)
which is impossible since the first is even and the second odd. Thus max f(Z; ¢)=
| Fll <min ¢(Z; ¢), as required. J

2.2. The following notations wil be used. A chain K=[vy, 74, ..., 1) is a
graph with V(K)={v,, ..., v} and E(K)={[;_y,v); i=1, ..., k}. For distinct
vertices x, y of K let [xKy] denote the chain in K connecting x and y, and let [xK}]
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and ]xKy[ denote the “half-open™ and “open™ chains in K with the same edge-set as
[xKyv] but without y or both x, y, respectively.

For two chains [xKv] and [vL»] with the unique common vertex » their con-
catenation is denoted by [xKvLy];

The statement “x, v, ...,z lie on K in this order” will be abbreviated as
(xy...2)K.

A path is a chain with a fixed order of its end-vertices; ordering the ends of K
as (v,, ) we obtain the path (zg, vy, ..., %),

A path P=(v,, v, ..., v,) is called a line of an (X, Y)-flow fif vyc X, »,€Y
and f(v;_,, ;>0 for i=1, ..., p. Let # denote the set of all (X, Y)-paths (i.e.
paths from X to Y). A path-expansion of f is a map ¢: 2R, such that ¢(P)=0
only when P is a line of f, and the function f; defined by

S ») =F(x )= {e(P); PEP,(x, y) is an arc of P},

(x, Y)E(V), is an (X, Y)-flow with the zero norm (i.e. is a flow without actual sources
and sinks). Thus X {@(P); Pc2}=|/fll. Given a path-expansion ¢ of f, a path P
is called a line of ¢ if @(P)=0 (in general not every line of fis a line of ¢).

Let f be an integer (X, Y)-flow and P be an (X, Y)-path. “To add P to [~
means to construct the (X, Y)-flow /7 with

S, »)+1, if (x,p) is an arc of P and f(y,x) =0,
Sy =1/, »—1, if (y,x) is an arc of P and f(x.y) =0,
fx, ) otherwise.

Given a line L of f, “to remove L from f" means to construct an (X, Y)-flow
1 with
oo o~ Jf =1 if (x,») is an arc of L,
f )= {f(x, ») otherwise.

Note that if fis obtained by adding P to some f” then P not necessarily can be removed
from f.

2.3. Let us throughout assume that
(2.3.1) max fO(Z; ¢) < min ¢(Z; ¢).

We need then to show that, first, there exists an integer Z-flow F with |[F|
=minc(Z; ¢)—1 and, second, that (V,¢) is Z-special.
Let z,=[s,, ), «=1,2. From (2.3.1) it is immediately seen that

(2.3.2) 5y, N, S5, fp are all distinct.
For if, say, s,=s,, then any integral maximal flow f with source s; and sinks 7, 15
can be decomposed (i.e. by sorting the lines of some its path-expansion) into a sum

Ji+fs. where f, is a z,-flow, a=1,2, and we have | fi]l+[/zll=If=min ¢(Z; ),
by the max-flow min-cut theorem. contradicting (2.3.1).

2.3.3) We assume, without loss of generality, that ¢(z))=c(z5)=0. so that z,,
2,5 G(c).
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Indeed, a maximal Z-flow {f;, f;} can always be chosen so that, assuming that, say,
s, Is the source and ¢, is the sink of f,, x=1,2, we would have f,(s,, t))=c(z,);
on the other hand, z,,z, belong to every Z-cut.

2.4. Put A, = {51, 54}, A, = {fy, o}y B = {51, bz}, Bo= {50, 11}.
Let f be an integer maximal (B,. B,)-flow in (V, ¢) so that
2.4.1 | £l = min ¢(B;, By ¢) = min c(Z; ¢),

by the max-flow min-cut theorem [4] and since Zc[B,, B,).
Consider a decomposition

(2.4.2) f=hA+h+f+f

of f into one source, one sink flows where /1, f; have the source s,; f, f; have the
source f»; fi, f; have the sink #; and f;, f, have the sink s,, with

(2.4.3) LA = AT+ 1AL+ 1A+ 1A

(This can be done by sorting the lines of some path-expansion of f.)
Put F={f,, f;}). We have

(2.4.4) I+ 1/ =0,

by (2.3.1) and (2.4.1).
(2.4.5) We assume, without loss of generality, that ||f,]=|/.l, whence |/ =0.

2.5. Let f and its decomposition (2.4.2) be chosen so that
2.5.1) |11 is as small as possible under (2.4.5), and
(2.5.2) lifl is as large as possible under (2.4.5) and (2.5.1).

2.6. Let V denote the union of A4, and the set of vertices lying on the lines of
J; (f f; 1s non-zero), and let ¥V, be defined similarly. For x, yeV, (V)), let x=p
mean that one of the following situations takes place:

(a) x=s; (resp., 4),

(b) y=s, (resp., 1),

(c) x=u,

(d) there exists a line L of £, (resp.. f,) such that (s,xys,) L (resp., (¢, xp1;)L).

(Thus in general x=<y and y=x does not imply x=j; however, if x=) then
x, ¥ lie on a circuit of f, resp.. £,).)
As an immediate consequence of (2.5.1) we obtain

(2.6.1) Proposition. VNV, =0.

Proof. Suppose not, and let «< V(1 V,. If there exist a line J of f; and a line K of
J. both incident to v, then JUK contains two edge disjoint chains: L, with the ends
Ses 1, =1, 2. Remove J from f, and K from f;; add L, to f,, x=1,2. This gives
another decomposition f;", f'. £, fi with | £/ 1=1/ — L1 =l£) — L, contradict-
ing (2.5.1).

If » does not belong to a line of some of f, f;, then this must be f;, by (2.4.5),
and then f, is zero and »€A,. Let v=s,, say, and let J be a line of f; incident to 7.
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Remove J from f, and add [s;/1,] to f;. This will diminish || £} preserving (2.4.5)
contradicting (2.5.1). |}

2.7. An (¥, V)-path P=(v,, 0y, ..., v,) iscalled an F-pathif {v,, ..., v, &
V—V,—V, and each arc of P is assigned to one of the three classes: forward,
backward* and backward® so that

efx, ¥1—fi (e, ») =V, x) =0 if (x,y) is forward,
f0nx) =0 if (x,p) is backward!, and
folx, ) =0 if (x,3) is backward>

(Recall that F={f;, f3} where /] is directed from s, to #;, while f, is directed from
1, t0 S.)

A family & of not necessarily distinct F-paths is independent if for each
(x, Y)E(V) the number of paths from % containing (x, y) as a

forward clx, yI=£i(x, »)—foly, X)
backward!s arc does not exceed 3£ (y, x)
backward? Jalx, »).

(2.7.1) Define ¢;: (V)—~Z. by the formula
eplx, y) = cx, yYI=A(x, ) =fo(0, X))+ (3, 0+ (3, ),

and consider the directed network (V, c,). For non-empty X, YCV with XN ¥Y=0
pui
minc(X, Y;c)=min{c,(0tZ): X S ZEV-Y}.

(2.7.2) Proposition. .
min c(V,, V,:¢,) = mine(Z; o)— || F|,

and there exist as many as min c(V,, V; ¢;) independent F-paths.

Proof. Define an (s, 15)-flow f, by the relation fy(x, »)=/f3(p, x), (x, »E(V), and
consider fi4f, as a (V,, V)-flow in (¥, ¢). The following relation is almost obvious
(its proof is in [1, Sect. 1.2]).

min e(V,, Vi o) = | fi+fal +mine(V,, Vi e).

Since A,EV, and A,SV, we have minc(V,, V,:c)=minc(A,, A,; c)=
=min o(Z; ¢). Further, [[fi+fI=I/ll+Ifl=IF|. This proves the inequality in
(2.7.2). N

Let /s be an integer maximal (V,, V)-flow in (V, ¢;), so that [/ =min ¢(V},
Vii ¢;), by the max-flow min-cut theorem [4]. By the inequality just proven and
(2.3.1), ||Alj=0. Choose a path-expansion ¢ of # and let F=(P;i=1, .., A
be a list of lines of ¢ in which each line P appears precisely @ (P) times. For arbitrary
arc (x, y) let (P,-j:jz I, ..., h(x, »)) be the sublist of ¥ enumerating the mem-
bers of % passing through (x, ). Then consider (x,y) as backward® in
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(Pi;; 1=j=£,(). %)), as backward® in (P.; fi(», x)<j<fi(», )+ /fe(x,¥)) and as
forward in (P ; fi(), X)+/2(x, ¥)<j=h(x, y)). Thus & becomes an independent
family of as many as ||| =min c(V,, V;; ¢,) F-paths, as required. [J

(2.7.3) Proposition. Suppose that | fill =\ fll. If an F-path with no backward?® arcs
starts from v€V, then vy=s,. Similarly, with I and 2 exchanged.

Proof. Let P=(v,, vy, ..., v,) bean F-path with »,=s, whose arcs are only forward
and backward!, Then w,=t,, for otherwise P would be an augmenting path [4]
for f, contradicting the maximality of f. Let J be a line of f, incident to »,. Remove J
from f, and add [s, Pr,J4;] to f;. This will diminish || £|| preserving | f| and (2.4.5),
contradicting (2.5.1). |

(2.7.4) Propeosition. | f]|=0.

Proof. By (2.7.2) and (2.3.1) there must exist an F-path, say P=(,, vy, ..., v,).
If f,=0 then wu,cA,, say v,=s,. Then, by (2.7.3), P has backward® arcs. Let v
be the first vertex along P incident to a line of 7, and let J be a line of f, passing
through »;. Remove J from f; and add [s, Pr;Js,] to f;. This increases || f;| preserving
Il and (2.4.5), contradicting (2.5.2).

(2.7.5) Let P=(x,, ..., x,) and Q=()y, .... »,) be F-paths (distinct or not). Let us
write P=<Q to express that

@ x=y, (in V) and x,=Zy, (in ¥)); and
(b) P has no backward? arc and @ has no backward?! arc.

In particular, PX P means that each arc of P is forward.

(2.7.6) Proposition. No independent pair P, Q of F-paths satisfies P=XQ. In particu-
lar, if PP then win {c[x, y]—f (x, —fo(0, X)(x, ») is an arc of P}=1.

Proof. Let P=(x,, ....x,), Q=(¥,, ..., v,) beindependent F-paths satistying P=(.
Then, by (2.7.4) and (2.4.5), there exist a line J of f, and a line K of f such
that (t,x, y,7)J and (s,x, 3ys,) K. Remove J from £, and K from f;, and add
[s; KxyPx,Jt] to fi and [t,Jy,QyoKs,) to f,. This will diminish || £l preserving| /1l
and (2.4.5). contradicting (2.5.1). 1§

3. Planarity arguments

3.1. Planarity imposes further crucial restrictions on the layout of F-paths.
From this moment the graph G(c)UZ is considered as drawn on a 2-sphere &.
Let us regard & as slitted along the two open curves representing z; and z;. An open
domain Q of & will be called simple if both slits are in & — Q. Given a chain L of
G{c) with the ends s,, 1,.2=1 or 2, let Q(L) denote the simple domain with the
boundary dQ(L)=U{z}.

3.1.1) A set Z of (s, t,)-paths of G(c¢). 2=1 or 2, is called laminar if for two dis-
tinct members L', L” of & either Q(L"). Q(L") are disjoint or one of these domains
contains the other.



ON THE PLANAR INTEGER TWO-FLOW PROBLEM 215

Let ¢ be a non-negative function on the set of all (s,, 7,)-paths of G{(c),a=1
or 2. For an arbitrary chain L with the ends s,, 7, define ¢*(L)= > {¢p(P); P lies in
the closure of Q(L)}.

Let ¢ be called laminar if {P; ¢(P)=0} Is laminar.

Let P,, P, be two lines of ¢ such that Q(P;)N Q(P,)=® and Q(P)U Q(P,)5
= Q(P), i=1,2. Put Q,=3(Q(P)NQ(P:))—{z.) and 0,=((P)U Q(P,))—
—{z.} and consider Q, Q, as (s,, t,)-paths. Define another function y by assigning
Y(L)=¢(L) for L=P, Py, 0.0y Y(P)=pP)—! and Y(Q)=0¢(Q)+],
i=1,2. Then Yy*(L)z=¢*(L) for all L and ¥*(Q,)=¢*(Q)).

(3.1.2) Proposition. f, has a laminar path-expansion (a=1, 2).

Proof. Let ¢ be a path-expansion of f, with a maximal ¢* in the sense that by choosing
another path-expansion of £, no value of ¢* can be increased without decreasing some
other. Then ¢ 1s laminar, for if P;, P, are as in the previous paragraph then Q,, Q.
defined there are also lines of f, so that i is another path-expansion of f,. But this
contradicts maximality of ¢*. |}

3.2. In this sequel the flows f}, f; are regarded as defined by laminar integral
non-negative functions ¢, ¢, (on the sets of (51, f;)- and (s, 1,)-paths respectively ).

We require that these ¢, and @, satisfy the following additional condition:
(3.2.1) the corresponding functions ¢} and @i are maximal provided that f; and f,
satisfy (2.4.3), (2.5.1) and (2.5.2).

(3.2.2) Proposition. Let L be a line of ¢, (or ¢,). Then Q(L) meets no line of f,
(resp., f). fs and ;.

Proof. Suppose that Q(L) meets J where L is a line of ¢, and J is a line of some
1 €{fs. fs. fi}. Choose L so that Q(L) is minimal with this property, i.e. J does not
meet Q(L") for whatever line L’ of ¢, satisfying L’< L. Let x, y be two common
vertices of L and J such that [xJy[c Q(L) and put L'=(s,LxJyLt)). Remove L
from f; and add L’ to the resulting flow; remove J from f and add (s JxLyJt’) to
the resulting flow where s, ¢" are the source and sink of f’. This increases v(L")
decreasing no other value of v, contradicting (3.2.1). ||

(3.2.3) Proposition. Le: L be a line of ¢,, a=1 or 2, and P=(v,, v;, ..., v,) be an
F-path. Suppose that L and P have common vertices v;, v,, 0=j<k=p, such that
(se;pt)L. Then Yo, Pul docs not meet Q(L).

Proof. Suppose that Ju; Py, [ Q(L)=@; then v;, », can be chosen so that Jv; Po [
< Q(L). Let,say, a=1. Then, by (3.2.2), J¢; Pi[ contains no backward?® arcs. Re-
move L from f, and add L’=(s,Lv; Py, Lt;} to the resulting flow. This increases
v(L’) contradicting (3.2.1). |}

(3.2.4) Remark. In the above proof only properties of the open segment
Iz; Py [ of P are used, so that (3.2.3) remains true without the assuption v,€V,,
1,€ V.

(3.2.5) Propesition. Every F-path has only forward arcs.
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Proof. Let P=(v,, ..., v,) be an F-path with backward arcs, the first of them along
P being (»;, v;4,)- Suppose, without loss of generality, that (»;, v;.) is backward!
so that fi(v;,,,2;)>0 and there exists a line L of ¢, passing through (v;.1, v;).
Define a chain K with the ends s,, v; as follows: if vy=s; then K=[s;Pv;]; if vo¢sy
then choose a line J of £, passing through », and put K=[s,Jv,Pr;]. Now let Q be
the open simple domain with dQ={z,}U[s, Kv;L#;]. Since X is outside Q(L), by
(3.2.2) and (3.2.3), ]s Lz ;[ lies in the closure of Q. But »;,; can lie on neither [v; L]
nor [¢, Pv;] since L and P are not self-intersecting. Nor can v;,, lie on J since P have
no inner point in ¥,. Thus z;,,€ Q. By similar reasons and by (3.2.3), [v;,, Pv,]
have no vertex in common with €. But v,€ ¥, is outside 2, a contradiction. ||

3.3. This is coup de grice of the proof.
(3.3.1) Proposition. min ¢(V,, V,; =2,

Proof. Suppose not. Then min eV, Visep)=1, by (23.1) and (2.7.2). Then
| Fll=min c(Z;¢)—1. Let P=(vy, ....¢,) be an F-path and let K be a line of f;
passing through v, and J be a line of f; passing through »,. by (2.7.4), (2.4.5). Add
(81 KegPr,Jt;) to fi. This adds | to || F|} contradicting (2.3.1). §

(3.3.2) Due to planarity, and since f,, f; are non-zero (by (2.7.4), (2.4.5)) and
V.11, =0 (by (2.6.1)), neither f, nor £, has a pair of lines whose union separates z,
from =, on &. Let 4,, 4, denote the minimal simple closed domains of & containing
the lines of f,, f; respectively (so that, say, if | fJ|=1 then A, is the line of f; and if
/il =2 then @4, is the union of two independent lines of f;). Then 4,UA4,UZ
partitions the remaining part of & into two disjoint simple open domains, say .5/
and #. By planarity, every open F-path entirely lies either in & or in %.

(3.3.3) Proposition. Neither s/ nov B contains two independent F-paths.

Proof. Let P=(x,, ..., x,) and Q=()y, ..., ¥,) be two independent F-paths, both
in o/ (say). Then x, and y, belong to the same line of f; contained by d4,, and x,. y,
belong to the same line of f; contained by d4,. Let x,=y,. If x,=<y, then PXQ,
by (3.2.5), contradicting (2.7.6). Thus x,>y, moreover xo<y,, for if xy=y,,
we might say that y,=<x,. Since both P and Q are in & they, by planarity, have a
common inner vertex, say x;=y,. Butthen P’'=(x,Px;Q0y,) and Q'=(y,Qy,Px,)
are independent F-paths satisfying P'<XQ" contradicting (2.7.6). ||

(3.3.4) Proposition. |[fl=|fll=1 and minc(V,, V,; cj)=2.

Proof. By (3.3.3), there cannot exist more than two independent F-paths. Together
with (3.3.1) this implies min ¢(¥;, V,: ¢,;)=2, and, by (3.3.3), from any two independ-
ent F-paths one belongs to & and the other to Z. Since both f; anf f, are non-zero,
we have

(3.3.5) mme(By, Bo; ) =1fll 2| FII+2 =min ¢(V, V,; ¢) = min ¢(Z; ¢).

Suppose that | f;]=2. Then a4, is the union of two independent lines of £,
say J  and J”, so that J' Cosf, J"COB. Let P=(x,,....x,) and Q=(y,, ..., ¥,)
be two independent F-paths where Pc ./, Qc 4, so that x,&J’, y,€J”. There
are two edge-disjoint chains K’, K”, each either a segment of a line of f, or a single
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vertex, which connect x;, 1y, respectively with distinct members of 4,. Without loss
of generality let K’ connect x, with s, and K” connect y, with s,. Add
(5: K" xoPx,J'ty) to f; and (8, "y, QpoK"s;) to f,. This will give a Z-flow F’ with
|F'i=|IF|+2=min ¢(Z; ¢), contradicting (2.3.1).

Thus [ f,||=1, whence, by (2.4.5) and (2.7.4), also ||fill=1. 1}

(3.3.6) Let now L, L, denote the lines of f,. f, respectively, and let us fix two inde-
pendent F-paths P=(xy, ..., x,), Q= (}0, oy ) with xy<yy and x,>y,, by
(2.7.6). We have {x,, y,}# {sl, n} and {y,, x };rf{sz, t,} for otherwise the paths
L,, L,, Pand Q could be used to increase j| fill or ||f2{| by 2, contrary to (2.3.1). There-
fore the subgraph H=ZUL UL UPUQ of G(c)UZ is a subdivision of I, see
Figure 2. Let C denote the cycle of H-2Z, i.e. C=[coPx,L,y,Qp0Lsx,], and for
X \{Su Sgs 11, 2} let H, denote the half-open chain of H Z connecting x€H,
with C, without its end-vertex on C (if x€C then H,=0). Then f; and f, lie in dis-
tinct closed “half-spheres™ defined by C. Further, Fis a Z-flow in (V, ¢ —cy) whence
max fO(Z; c—ey)=| F|| while, on the other hand, min ¢(Z; ¢—cg)=min ¢(Z; ¢)—
—min ¢(Z: cy)=min ¢(Z; ¢)—2=||F|. by (3.3.5). This, together with Proposition
2.1, proves Theorem 2. | §

Fig. 2

(3.3.7) Now the above arguments and the resulting subgraph H are seen to be in-
variant under exchange of the roles of 5, and #,. (3.3.5) shows that there exists a
minimal Z-cut separating ¥V from V,, say oU; with ¥V, & U,. By symmetry, there
also exists a mimimal Z-cut sepamtuw [syLyxo P, L.t from [s; L,yy@y,L.t], say
dU, with B, S U,.

(3.3.8) Propesition. For a=1,2, min c(z,,c)=|fll+1 and at least one of s,,1,
is separated from C by a minimal z,-cut.

Proof. Consider «=1. Add (s,L,x,Px,L,t;) to f; and let f;’ denote the flow thus
obtained. We show that f}" is a max1mal z,-flowin (V, ¢). Let a path R=(z,, zq, ---» ;)
be called feasible if for each i=1,...,r either fl’(zf_l, z)=<clz;_4, 2] or
J1 (5. z;21)=0. Suppose that z,€ H, , = EH H, and {z, ..., z_,} does not meet
H. Then R belongs to the component of S — C ‘not containing fz, whence f,(x, »).
f5(3, x) are zero for each edge [x, y] of R. Further, z, ¢ CUH,,, by planarity.

We see that z, cannot belong to 1y,Qy,[ or [ L, xp] For put Q'=R if z¢
¢lnL:x,] and @’ -(.. Rz, Qy,) if z,¢]y,Qp,l. Then Q’ and P are independent and
0’ <P contradicting (2.7.6).
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Thus z,€]x,Px,L,y,). Let s; denote the nearest to s, vertex of H,, from which
H— H, can be achieved by a feasible path, and put HJ =[s, H, s;). Similarly, define
H; in terms of feasible paths from H—H, to H,.If both H] , H] are empty, then
let R, and R, be feasible paths from s, to H—H, and from H—H, to 1,, respec-
tively. HUR,UR, contains two independent F-paths from s, to #; contradicting
(2.3.1). Thus, say, H;, is non-empty.

Let S, denote the set of vertices ¢€V such that there exists a feasible path
from H, to v. Then 4S; is a minimal z;-cut in (¥, ¢), for if x€S8,, yéV—S; and
c[x, ¥1=0, then fi'(x, ¥)=c[x, ] and fi(¥, x)=0 to prevent y from being achieved
by a feasible path passing through (x, y).

Similar arguments work for s, and #,.

(3.3.9) We may assume, due to the symmetry, that for each «a=1, 2 (V, ¢) has a mini-
mal z,-cut 34§, separating s, from C. By the construction, Sy, S,cU,, S;cCU,,
S, V—U, (cf. (3.3.7)). It is also seen that §(S;U S;)=485,UdS, is a minimal Z-cut
of (V, ¢) and that S$,US, is a proper subset of U, since V(L)ZS U,. This proves
Corollary 2.

Now, the atoms generated by U,, U,, S} and S, are:

81,8y, I =V-U-U,, T,=U,—Uy:
R =UNU,-S;,, R,=U,—U,—S5,.

The c-capacities of the edges of SR, and R, are saturated by f,, f, and ¢, whence
both ¢(dR,), c(3R,) are odd. This means that (V, ¢) is Z-special. This completes the
proof of Theorem 1. | i
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