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We consider the two-commodity flow problem and give a good characterization of the opti- 
mum flow if the augmented network (with both source-sink edges added) is planar. We show that 
max flow_~min c u t -  1, and describe the structure of those networks for which equality holds. 

I .  I n t r o d u c t i o n  

1.1. Let V be a finite set o f  vertices, IV] denotes the set of  unordered,  and (V) 
- -  the set o f  ordered pairs o f  distinct vertices, called edges and arcs, respectively. 
Consider a network (V, c) where c: [ V ] ~ Z +  is a capacityfimction, and let G ( c ) =  
(V,E(c)), where E(c)={eC[V]; c(e)>0}.  For  nonempty  disjoint subsets X, Y 
of  V, let IX, Y] denote the set o f  edges with one end in X and one in Y. For  a proper  
X c  V put 6X=[X, V-X],  6+X=XX(V-X) ,  6 - X = ( V - X ) X X .  If  A is a set, 
f i s  a function on A and BC=A, we write f ( B )  instead o f  ~ { f ( a ) ;  aCB}. When 
B=[X, Y]~[V] ,  we write c[Aq Y] instead o f  c([X, Y]). 

For  nonempty  disjoint subsets X, Y of  V, put 

rain c(X, Y: c) = rain {c(6U)', X~_U~_V-Y}, 

and for Zc=[V] put 

rain c(Z; c) = rain {c(cSU): U~ ~; Zc=6U}, 

if at least one such U exists (i.e. if the graph (V, Z )  is bipartite). A set ~U such that 
Z ~ U  and c ( 6 U ) = m i n  c(Z; c) is called a minimal Z-cut (for c). 

!.2. Aflow with the set of  sources X and set o f  sinks Y (or shortly, an (X, Y)- 
flow), where X, Y c  V, X(-i Y=O, is a function f :  ( V ) ~ R +  with d i v s ( v ) = 0  for 
vCV- (XUY) ,  ~ 0  for v6X, and -_-/-0 for vEY, where 

divs(v ) = r {f(v, z)- f (z ,  v): z<V-{v}}. 

The quanti ty div s ( X ) = - d i v  s ( g )  is called the norm o f f  and is denoted by [k/'l]. 

AMS subject classification (1980): 90 B 10, 90 C 10 



208 M. V. LOMONOSOV 

Let Z~[V]. A Z-flow hz (V, c) is a family F =  {f.; zEZ} of flows, each with 
one source and one sink, where z is the (unordered) pair [source, sink] for fz, satis- 
fying the joint capacity constraints 

_,~{f-(x,y)+f~O',x);  zEZ} ~ c[x,y] for all [x,y]E[V]. 

Put IIF}} = Z {]l.f_-I}; zEZ}. Obviously, 

(1 .2 .1)  IlFll --1- rain c(Z; c), 

whenever the right hand side is defined. 

1.3. Let maxf(O(Z; c) denote the maximum of ]}FI] over all integer-valued 
Z-flows in (V, c), and let m a x f  (r~ (Z; c) denote the same for real-valued Z-flows. 
Surely, maxf(i)(Z; c)<=max f(r~(Z; c). 

In this paper maxfO~(Z; e) is found for the special case when ]Z[=2 and 
the graph G(c)UZ is planar. We shall prove that 

(1.3.1) maxf(0(Z;  c) ~ min c(Z; c)-1, 

and equality holds only tbr a very special class of networks which is completely char- 
acterized. 

Recall that in real numbers the well-known result of T. Hu [5] asserts that, if 
[Z]=2, then, Ibr arbitrary c, 

m a x f  (') (Z; c) = rain c(Z; c), 

and the simple counterexample in Fig. 1 shows that in integers this equality is not 
true. The graph F in Fig. 1 is K4 subdivided by two additional vertices, sa and s2, 
placed on non-adjacent edges of K~; Z =  {zl, z2}, where zi=[si, t/l, i=  !, 2, and 
cr(e)= l for eEE(F)-Z and 0 otherwise. Surely F is planar, and we have rain 
c(Z; Or)=2, while maxf~°(Z;  c)= I. 

We shall also see that if G(e)UZ is planar and maxf (0(Z;  c)<min c(Z; c), 
then G(c)UZ contains a subdivision H o f / "  such that 

maxf(°(Z; c-cn) = rain c(Z; c-cu) = minc(Z;  c ) -2 ,  

where cn(e)=l for eEE(H) and 0 otherwise. 

11 
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1.4. Definition. (V, c) is called Z-special for a given Z =  {zl, z2} if there exists 
a 6-partition (R1, R~, $1, Sz, TI, T2) of V such that 

(1.4.1) z,E[S,, T=], ~ = 1, 2; 

( 1 . 4 . 2 )  ( 5 ( S 1 U S 2 )  , 6(TiUT2) and 6(S1UR1UT 2) are minimal 

Z-cuts of (V, c); and 

(1.4.3) both c(6RO, c(c~Rz) are odd. 

Exemple: the network in Fig. 1 is Z-special. 

1.5. Theorem 1. Let (V, c) be a network wTd Z =  {zl, z,,} c [ V]. Suppose that 
G (c) U Z is planar. Then either 

(I.5.1) n~ax/"(i~(,Z; c) : rain c(Z;  c), or 

(1.5.2) max f ( i ) (Z;  c) = rain c(Z;  c)-- I ; 

moreover, (1.5.2) hokts i f  and only i f  (V, c) is Z-special. 

Theorem 2. Let (V, c) be Z-special and G(c)UZ be planar. Then there exists a sub- 
graph H of  G ( e ) U Z  with Z c H  such that 

(a) H is a subdivision of  K4 with zl, ze lying on nonadjacent (subdivided) edges 
of  K 4 (shortO:, H is "a subdivision of  F") 

(b) rain c(Z; c - e u ) = m i n  c(Z; c ) - 2 ;  and 
(c) (V, c -  cn) is not Z-special. 

The first theorem clearly shows that ([.5. l) should be regarded as the "'rule" 
and (1.5.2) as an "'exception". Tiffs is emphasized by the tbtlowing two sufficient 
conditions guaranteei.ag (1.5. I). The first of then1 is straightforward from Theorem 1. 

Corollary 1. Let G ( e ) U Z  be planar, where Z = { z l ,  z.,}, z==[s=, t=], ~.=l ,2.  Put 
A~= {s l, sz}, A , :  {t,, t.,}, B~= {s,, t~}, B.,---- {s2, tt}. I f  

(1.5.31) rain c(A .. . .  1,; c) /~ rain c(B~, B.,; c), 

then ( i .5 . t )  holds. 

The second sufficient condition will be derived from the proof of the main 
result. 

Corollary 2. Let G(c)~JZ be planar, where Z =  {:l, z.,}. I f  

(1.5.4) rain c(z~; c)+min c(z.2; c) ~ rain c(Z;c), 

then (1.5.1) hohts. 

Theorems 1 and 2 may be applied to the following existence problem: given 
all, d.,EZ+, does there exist an integer Z-flow F =  {Jl,fa} (where f~ stands for 

• P ~, f - )  with ]lf, l j=d,,  a = l , 2 7  Let z~=[s~, t,], ~ = 1 , 2  Add two new vertices si, a ~ 
to Vand  define c': [VIS{s~,s'a}]-~Z+ by: e'[s;,s~]=d,, c'[s~,v]=O, vEV-{s=} 
for ~ = 1 , 2 ;  c'(e)=c(e) for e~[V] and c'[s~,s'2]=O. Put Z'={[s '~ , t , ] ;~=l ,2} .  
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Corollary 3. Let G(c)UZ be planar, and dt, d,(zZ+. An integerZ-flow F=  {fl, fa} 
with [[f-II =eli, i= l, 2, exists i f  and onh' if 

(1.5.5) rain c(Z; c') ~ d~+d.~, 

and the network (ViA {s~, s'.,_}, c') is not Z-special. I f  (1.5.5) hohts, but this network is 
Z-speciai then there exist integer Z-flows F '={ f [ ,  fa} with [I./['i[=dt - 1, ]!f,'l[=d2 
and F ' =  {J[', ,1;'} with Ilff'll =d , ,  ll/~'ll = d a -  1. 

1.6. The question considered in this paper may be regarded as a special case 
of  a general problem sounding as follows: to what extent max f(i)(Z; e) depends on 
cuts of(V, c) cutting the edges o f Z  ? In real numbers, the class of Z's is characterized 
in [61 such that for every (V, c) max f(~)(Z; c)is expressible, in the spirit of  the linear 
programming duality, as a positive linear form of  the quantities rain c(J(, Y; c), 
where X, Y c  V are covered by Z. 

In integers, the following results are known for the case ]ZI=2 and arbitrary 
networks: 
(1.6.t) Existence of an integer Z-flow F =  {A, f,} with prescribed 117111 and llj:,ll 
is N P-complete [3]. By the arguments used in 1.5, a good characterization of 
max J't~(Z; c) for arbitrary networks would imply the same for the integer two-flow 
existence problem. 
(1.6.2) (Cherkasski [2]) Let 12]=2 and c(5{v}) be even for each rE I/ not inci- 
dent to Z. Then (11.5.1) holds. 
(1.6.3) (P. D. Seymour [7])Let G=(V, E) be a graph, and let Z C E ,  Izl=2. The 
equality (1.5.1) holds for every c : [ V ] ~ Z +  satisfying c (e )=0  for all e~[V]-E, 
if and only i[" G contains no subdivision of F. 

Sections 2,3 contain simultaneous proofs of both Theorems and Corollary 2. 

2. Preliminary considerations (not using planarity) 

2.1. Proposition. lJ (V, c) is' Z-sl)ecial then max f ( ° (Z;  c)<min  c(Z; c). 
(Here G(c) UZ is not necessarily phmar.) 

Proof. Let (V, c) be Z-special and F be an integral Z-flow in (V, c) with the maximal 
IIFll. Suppose that IlfLl=min c(Z; c). Define a: [V]~Z+ by a[x, Y]=Z~=I.~ 
(.f~(x, y)+f~(y, x)). Then a ~ e .  Since F i s  integral a(~SX) is even for every X c  V 
with 05X)fhZ=f). Further, for every X c V  with Z~=6X such that c(SX)= 
=min  c(Z; c) we have a(e)=c(e), eC6X. This, in particular, is true for X=Sl to  S,,, 
T~UT2 and SIUR~UTa. Thus we have a(e)=c(e) for eE[R.a,S~_], for eE[R.,, 
SILJR1UT2] and for e~[R,,, T~], since these sets are contained by 5($1US2), 
6(S 1 I JR~ U T.,) and 6 (T1 tO Za), respectively. 

But aRe=JR2, SdU[R2, S, UR~tOT~]tS[R2, T,]. Hence a(aR2)=c(aR2) 
which is impossible since the first is even and the second odd. Thus max f (o(Z;  c)= 
IlFll<min c(Z; e), as required. | 

2.2. The following notations wil be used. A chain K=[v0, ra . . . .  , vk] is a 
graph with V(K)={Vo .. . .  , Va} and E(K)={[vi_l ,  vl]; i =  1 . . . . .  k}. For distinct 
vertices x, y of K let [xKy] denote the chain in K connecting x and y, and let [xKy] 
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and ]xKy[ denote the "half-open'" and "open" chains in K with the same edge-set as 
[xKy] but without ), or both x, y, respectively. 

For two chains [xKv] and [yLv] with the unique common vertex v their con- 
catenation is denoted by [xKvLy]; 

The statement "x, y . . . . .  z lie on K in this order" will be abbreviated as 
(xy...z)K. 

A path is a chain with a fixed order of  its end-vertices; ordering the ends of  K 
as (v0, t'k) we obtain the path 0"0, vl . . . . .  v~). 

A path P=(v0,  vl . . . . .  vp) is called a line of an (X, Y.)-f lowfif  ru~2(, vpCY 
and .[(v~_~, v~)>O for i=  1 . . . . .  p. Let ~ denote the set of  all (X, Y)-paths (i.e. 
paths from X to Y). A path-expansion of  f is a map ~p: ~ R +  such that q ) (P )>0  
only when P is a line o f f ,  and the function J~ defined by 

f0(x, y) = f ( x ,  y ) - ~ '  {(p(P); P ~ ,  (x, y) is an arc of P}, 

(x, .r)~(V), is an (X, Y)-flow with the zero norm (i.e. is a flow without actual sources 
and sinks). Thus ~,{(p(P); P~.~}=]lf][. Given a path-expansion (p ofJ~ a path P 
is called a line of  ~o if q~(P)>0 (in general not every line o f f  is a line of  q~). 

Let f be an integer (X, Y)-flow and P be an (X, Y)-path. "To add P to f "  
means to construct the (X, Y)-flow f '  with 

f ( x , y ) + l ,  if (x ,y )  is an arc of P and f ( y , x ) = 0 ,  
f" (x, y) = ~f(x, y ) -  l, if (y ,x)  is an arc of P and f ( x , y ) > O ,  

If(x,  y) otherwise. 

Given a line L o f f ,  "to remove L from f "  means to construct an (X, Y)-flow 
f '  with 

~ f ( x , y ) - l ,  if (x ,y )  is an arc of L, 
f" (x, y) = ( f(x,  y) otherwise. 

Note that i f f i s  obtained by adding P to s o m e f '  then P not necessarily can be removed 
from f.  

2.3. Let us throughout assume that 

(2.3.1) max f ( 0 ( Z ;  c) < min c(Z; c). 

We need then to show that, tirst, there exists an integer Z-flow F with tlFII 
=min c ( Z ; c ) - I  and, second, that  (V,c)  is Z-special. 

Let z~=[s~, t~], ~=1 ,  2. From (2.3.1) it is icmnediately seen that 

(2.3.2) s~, q,  s~, t., are all distinct. 

For ifl say, s~ =s2, then any integral maximal f low./with source s~ and sinks q ,  t-2 
can be decomposed (i.e. by sorting the lines of  some its path-expansion) into a sum 
J ;+ f2 ,  where f, is a z~-flow, e = l ,  2, and we have IIf~ll+llfall=U'lI=min c(Z; c), 
by the max-flow rain-cut theorem, contradicting (2.3.1). 

(2.3.3) We assume, without loss of  generality, that c(za)=c(z2)=O, so that z~, 
z., ~ G (c). 
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Indeed, a maximal Z-flow {J;,j~} can always be chosen so that, assuming that, say, 
s= is the source and G is the sink of f= ,  ~=  I, 2, we would have f=(s,, t=)=c(z,); 
on the other  hand, za, zo belong to every Z-cut. 

2.4. Put  As : {s~, ,%}, A, = {tl, ta}, B1 = {s,, t2}, B2 = {,%, fi}. 

Let f be an integer maximal (Bt, B_o)-flow in (V, c) so that 

(2.4.1) I[J'tl = rain c(B,, Be; c) >= rain c(Z; c), 

by the max-flow rain-cut theorem [4] and since Z c[B1,B2] .  
Consider a decomposi t ion 

(2.4.2) f = j~ </7, +./~ + f  

of  f into one source, one sink flows where J ; , ]~  have the source sl; J~,f, have the 
source t.,; f l ,  f ,  have the sink t~; and f , ,  j~ have the sink s2, with 

(2.4.3) U,lll = IILII +IlY&I[ +IIZII  ÷ lnf l l .  

(This can be done by sorting the lines o f  some path-expansion o f f . )  
Put  F={fl ,  f2}. We have 

(2.4.4) II./;ll + IIZII > 0, 

by (2.3.1) and (2.4.1). 
(2.4.5) We assume, without  loss of  generality, that IIf, Ii>_-Ilf~ll, whence I l fP>0.  

2.5. Let f and its decomposit ion (2.4.2) be chosen so that  
(2.5.1) Ilfl[ is as small as possible under (2.4.5), and 
(2.5.2) lif, lI is as large as possible under (2.4.5) and (2.5.1). 

2.6. Let I/'~ denote  the union o f  A~ and the set o f  vertices lying on the lines o f  
f~ (iff~ is non-zero),  and let V~ be defined similarly. For  x, y(V~ (V,), let x"<y 
mean that  one of  the following situations takes place: 

(a) x=sl (resp., q), 
(b) y=s.,_ (resp., t~), 
(c) x = y ,  
(d) there exists a line L o f £  (resp., J~) such that (s>vvs2)L (resp., (tl.'t2FI2)L). 

(Thus in general x~=y and y'<x does not  imply x = y ;  however,  if x~-)' then 
x, y lie on a circuit of  ]~ resp., f ) . )  

As an immediate consequence of  (2.5.1) we obtain 

(2.6.1) Proposition. V~NF; = O. 

Proof.  Suppose not,  and let v~ V~C1 Vt. If  there exist a line J o f f ,  and a line K o f  
f~ both incident to v, then JUK contains two edge disjoint chains: L~ with the ends 
s~, t~, ~ =  1, 2. Remove J fronl f and K t'rom f~; add L~ to f~, :¢= 1, 2. This gives 
another  decomposit ion Ji ' ,  f.,', .f J ,  J; '  with IlJ;'ll = II,f, l l -  l, II/jll =IIf,  I I -  l, contradict-  
ing (2.5. l). 

l f v  does not  belong to a line of  some o f f , , f , ,  then this must be./~, by (2.4.5), 
and t h e n £  is zero and v~A,. Let v= .h ,  say, and let J be a line o f f  incident to v. 
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Remove J from ft and add [slJtl] to A. This will diminish llf, ll preserving (2.4.5) 
contradicting (2.5.1). 1 

2.7. An (V,, G)-path P=(vo,  v~, ..., %) is called an F-path if {Vl, ..., ,t'p_~} 
V -  V s V, and each arc of P is assigned to one of the three classes: forward, 
backward ~ and backward ~ so that 

e[x, .vl-A (x, ),)-A(y, x) 

JiO:, x) 

A(x, >,) 

(Recall that F =  {J~, A} whereJ~ is 
t2 to sz.) 

A family L# of not necessarily distinct F-paths is hutepenclent if for each 
(x, y)~(V)  the number of  paths from &o containing (x, y) as a 

> 0  if (x ,y)  is forward, 

> 0  if (x ,y )  is backward a, and 

> 0 if (x ,y )  is backward". 

directed from s~ to ta, while fz is directed from 

(2.7.1) Define Cy: ( V ) ~ Z +  by the formula 

,, [x, >,] - J ;  (x, y ) - A  (y, x) 
A (y, x) 
A(x, ),). 

cf(x,  y) = c[x, y ] -J i (x ,  y ) - f , ( y ,  x)+J~(y, x)+f2(x,  y), 

and consider the directed network (V, of). For non-empty X, Y c  V with Xfl  Y=O 
put 

rain c(X, Y; el) = min {c:(6 + Z): A" G Z ~ V - Y } .  

(2.7.2) Proposition. 
mm c (V.~, Vt; c:) =-- rain c(Z;  c)-II FII, 

and there exist as many as rain c( l/~, V,.; cf) independent F-paths. 

Proof. Define an (s2, tz)-flowf2 by the relation .)~,(x, y)=J~(y, x), (x, y)C(V), and 
consider J]q-f, as a (V~, I/,)-flow in (V, e). The IMlowing relation is almost obvious 
(its proof is in [1, Sect. 1.2]). 

• t ~/" rain c(V.~, V,: c) = ]lJlTf,,l[ +rain c( ~, v,; el). 

Since A ~  1,~ and A,~I/~ we have rain e(V.,, G; c) -->rain c(A~, A,; c )~  
~min c(Z; c). Further, Ilfl+f~[I =ll./~[I +ll.f:ll = IIFII. This proves the inequality in 
(2.7.2). 

Let h be an integer maximal (K,, V,)-flow in (v, c:), so that Ilhll=min c(V,, 
V,; c:), by the max-flow rain-cut theorem [4]. By the inequality just proven and 
(2.3.1), ]lhl[ >0. Choose a path-expansion <p of h and let ~ = ( P I ;  i=  1 . . . . .  []hl]) 
be a list of  lines of ~p in which each line P appears precisely q)(P) times. For arbitrary 
arc (x ,y)  let (P!~; j=I  . . . .  , h(x, y)) be the sublist of 5 a enumerating the mem- 
bers of  ~ passing through (x, y). Then consider (x, y) as backward ~ in 

forward ] 
backwardl~ arc does not exceed 
backward"J 
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(P~s; 1 ~./~.f~()', x)), as backward '~ in (e,~; f~(y, x)<j<f~(y, x)+f~(x,y)) and as 
forward in (Pi~;f~(Y, x)+f2(x, y)<j~h(x ,  y)). Thus .~  becomes an independent  
family of  as many  as Ilhtl = ra in  c(V.~, Vt; cy) F-paths,  as required. 1 

(2.7.3) Proposition. Suppose that [[ftl] >I[f~l[- I f  an F-path with no backward"- arcs 
starts from vo¢ I/~ then ~'o~sx. Similarly, with 1 and 2 exchanged. 

Proof. Let P=(v0 ,  vx . . . .  , rp) b e a n  F-path with vo=st whose  arcs are only forward 
and backwardL Then % ~ h ,  for otherwise P would be an augment ing pa th  [4] 
for  f ,  contradict ing the maximal i ty  o f f  Let J be a line o f f ,  incident to vo. Remove  J 
from f and add [s~PvpJq] t o ~ .  This will diminish I1.1';,11 preserving Ilfll and (2.4.5), 
contradict ing (2.5.1). I 

(2.7.4) Proposition. II;'~ll ~ 0. 

Proof.  By (2.7.2) and (2.3.1) there must  exist an F-path,  say P = ( v  o, v~, ..., v~). 
I f  f ~ = 0  then voEA~, say vo=s~. Then, by (2.7.3), P has backward  z arcs. Let z,~ 
be the first vertex along P incident to a line o f  f2, and let J be a line o f .A passing 
through .v~. Remove  J f r o m f z  and add [sa PriJs~] tof~.  This increases ILfJI preserving 
till! and (2.4.5), contradict ing (2.5.2). I 

(2.7.5) Let P = ( x  o . . . . .  xp) and Q : ( y o  . . . . .  yq) be F-paths  (distinct or not). Let us 
write P ~ Q  to express that  

(a) xo==_yo (in V~) and x , -<yq (in Vt); and 
(b) P has no backward 2 arc and Q has no backward  1 are. 

In particular,  P'<P means that  each arc o f  P is forward.  

(2.7.6) Proposition. No independent pair P, Q of F-paths satisfies P ~ Q .  h~ particu- 
lar, ~[ P < P  then rain { c [ x , y ] - f l ( x ,  Y) - fz (Y,  x)l(x,  Y) is an arc of P}=l .  

Proof. Let P =  (x o . . . . .  xp), Q = (yo . . . .  , y~) be independent  F-paths  satisfying P__ Q. 
Then,  by (2.7.4) and (2.4.5), there exist a line J o f  .£ and a line K o f  f~ such 
that  (tlxt,.i,'qt2)J and (S~Xoyos2)K. Remove  J from .ft and K f rom f~, and add 
[s~KxoPx, Jtd tof~  and [t.zJyqQ)'oKs.~] t o f z .  This will diminish IIf, II preserv ingl l f l [  
and (2.4.5), contradict ing (2.5.1), 1 

3. Planarity arguments 

3.1. Planari ty imposes further crucial restrictions on the layout  o f  F-paths.  
From this momen t  the graph G(c)rdZ is considered as drawn on a 2-sphere ,9 °. 
Let us regard 5 ° as s/itted along the two open curves representing z~ and z o. An open 
domain  f2 of  ,Y' will be called simph, if both  slits are in 5 " -  f2. Given a chain L o f  
G(c) with the ends s~, t , ,  ~ =  1 or 2, let f2(L) denote  the simple domain  with the 
boundary  0 f 2 ( L ) =  L) {z}. 

(3.1.1) A set ~a o f ( s , ,  t~)-paths of  G(c). ~ =  I or 2, is called laminar if for two dis- 
tinct members  L' .  L"  of  £,° either ~2(L'). 9,(L") are disjoint or  one o f  these domains  
contains the other. 
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Let ~o be a non-negative function on the set of all (s,,  t,)-paths of G(c), c~= 1 
or 2. For an arbitrary chain L with the ends s,, t, define ¢p*(L)=~{q)(P);  P lies in 
the closure of  O(L)}. 

Let q) be called lam&ar if {P; ~o(P)>0} is laminar. 
Let P1, P.a be two lines of  ~o such that f2 (P0 (-I g2 (P.,) # 0 and f2 (P0 U O (P,0 

f2(P~), i= 1, 2. Put Q~=O( f2(P1)N f2(P2))-  {z,} and Q,z=O( f2(Pa)U f2(P2))-  
- {z,} and consider Q~, Qe as (s,,  t,)-paths. Define another function ~ by assigning 
0(L)=qo(L) for L ~ P 1 , P 2 ,  Qt, Q2; ¢(P~)=q~(P3-1 and O(O,.)=~0(Q,)+l, 
i = l ,  2. Then ~p*(L)>=qC(L) for all L and O*(Qx)>~o*(Qa). 

(3.1.2) Proposition. f~. has a laminar path-expansion (~ = 1, 2). 

Proof. Let 9 be a path-expansion o f f ,  with a maximal (p* in the sense that by choosing 
another path-expansion o f f ,  no value of  (p* can be increased without decreasing some 
other. Then ¢p is laminar, for if P~, Po are as in the previous paragraph then Qt, Q., 
defined there are also lines off~ so that ~[J is another path-expansion of./~,. But this 
contradicts maximality of go*. II 

3.2. In this sequel the flows J~,f ,  are regarded as defined by laminar integral 
non-negative functions q~a, (p., (on the sets of (st, fi)- and (s2, t~)-paths respectively). 

We require that these ~oa and 4o., satisfy the following additional condition: 
(3.2.1) the corresponding functions (p~" and (p~ are maximal provided that./1 and f ,  
satisfy (2.4.3), (2.5.1) and (2.5.2). 

(3.2.2) Proposition. Let L be a line of  ~Pa (or ¢p~). Then f2(L) meets no lhle of  J~ 
(resp., J~), L and j~. 

ProoL Suppose that f2(L) meets d where L is a line of (p~ and J is a line of  some 
.f'E {fa, f , ,  f~}. Choose L so that f2(L) is minimal with this property, i.e. J does not 
meet f2(L') for whatever line L' of  q)t satisfying L ' < L .  Let x, y be two common 
vertices of L and J such that ]xJy[c f2(L) and put L ' = ( s t L x J y L q ) .  Remove L 
from,f~ and add L" to the resulting flow; remove J f r o m f '  and add (s 'JxLyJt ' )  to 
the resulting flow where s', t '  are the source and sink of  3"'. This increases v(L') 
decreasing no other value of v, contradicting (3.2.1). II 

(3.2.3) Proposition. Let L be a l&e of  qo,, ~ = 1 or 2, and P =  ('v0, vl . . . . .  v,) be an 
F-path. Suppose that L and P have common 'vertices vj, vk, O<-.j<k<=p, such that 
(svjvd)L.  Then ]vj.Pvk[ does not meet f2(L). 

Proof. Suppose that ]vjPVk[N f2(L)~0;  then vj, vk can be chosen so that ]t;jPOk[~_ 
c f2(L). Let, say, ~= 1. Then, by (3.2.2), ]vjPvk[ contains no backward ~ arcs. Re- 
move L from .1~ and add L'=(s~Lv~PvkLt 1) to the resulting flow. This increases 
v(L') contradicting (3.2.1). II 

(3.2.4) Remark. In the above proof  only properties of the open segment 
]~;~PVk[ of  P are used, so that (3.2.3) remains true without the assuption v0E V~, 
'fl, E V,. 

(3.2.5) Proposition. Ever), F-path has only forward arcs. 
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Proof. Let P=(v0 . . . . .  vp) be an F-path with backward arcs, the first of them along 
P being (,vj, vi+~). Suppose, without loss of generality, that (v~, vj+l) is backward x 
so that J'~(vi+ ~, vj )>0 and there exists a line L of (Pl passing through (vj+~, vi). 
Define a chain Kwith  the ends sl, v~. as follows: if ,Vo=Sl then K=[sxPvj]; if 'Vo#Sl 
then choose a line J o f ~  passing through vo and put K=[slJvoPvj]. Now let £2 be 
the open simple domain with Of~= {zl}U[stK~'jLtl]. Since K is outside Q(L), by 
(3.2.2) and (3.2.3), ]s~Lvj[ lies in the closure of 9.. But vj+t can lie on neither [vjLq] 
nor [voPvj] since L and P are not self-intersecting. Nor can vi+~ lie on J since P have 
no inner point in Vs. Thus v.i+~EfL By similar reasons and by (3,2.3), [vi+~Pvp] 
have no vertex in common with b)f2. But ~p~ Vt is outside £2, a contradiction. 1 

3.3. This is coup de grglce of the proof. 

(3.3.1) Proposition. rain c(l,~, V,; cs)~2.  
D 

:Proof. Suppose not. Then minc( I~ ,  V,; c f ) = l ,  by (2.3.l) and (2.7.2). Then 
][FI] =rain c(Z; c ) -  1. Let P=(vo,  . . ,  v,) be an F-path and let K be a line off.,. 
passing through v0 and J be a line o f f '  passing through ~,p, by (2.7.4), (2.4.5). Add 
(s~K~:oPvpJq) to f l .  This adds 1 to IIFIt contradicting (2.3.1). I 
(3.3.2) Due to planarity, and since f~, .£ are non-zero (by (2.7.4), (2.4.5)) and 
V~l~i ['~=0 (by (2.6.1)), neitherf~ nor f '  has a pair of lines whose union separates zl 
from z2 on 5 p. Let A~, At denote the minimal simple closed domains o f ~  containing 
the lines o f f ~ , f  respectively (so that, say, if ]]f~ll = l then A~ is the line off~ and if 
[If, ll ~2  then OA~ is the union of two independent lines of f~). Then A.~(AA,tJZ 
partitions the remaining part of 5 '0 into two disjoint simple open domains, say .sg 
and .~. By planarity, every open F-path entirely lies either in sg or in JA. 

(3.3.3) Proposition. Neither ~1 nor ,~Y) contains two independent F-paths. 

Proof. Let P=(x0 . . . . .  xp) and Q=(y0  . . . . .  yq) be two independent F-paths, both 
in J ( s a y ) .  Then xo and Yo belong to the same line o f ~  contained by c)A~, and xp, .vq 
belong to the same line o f f t  contained by i)A~, Let Xo-<Yo. If xp-<y~ then P~Q,  
by (3.2.5), contradicting (2.7.6). Thus xp;>),q, moreover xo~Yo, for if x0=y0, 
we might say that yo~=Xo. Since both P and Q are in s~ they, by planarity, have a 
common inner vertex, say x j=yk.  But then P'=(xoPxjQyq) and Q'=(yoQykPxp) 
are independent F-paths satisfying P"<Q" contradicting (2.7.6). 1 

(3.3.4) Proposition. [jf~J( =[]f[[ = 1 and rain c(V~, Vt; Of)=2. 

Proof. By (3.3.3), there cannot exist more than two independent F-paths. Together 
with (3.3.1) this implies rain c(V~, 11",; cf)=2,  and, by (3.3.3), from any two independ- 
ent F-paths one belongs to ~¢and the other to ~.  Since bothf~ anf.ft are non-zero, 
we have 

(3.3.5) min c(Ba, B~; c) = ]]f]] ~ []F]! +2  = rain c(V~, V,; c) ~ rain c(Z; c). 

Suppose that []ft[I _->2. Then OA, is the union of two independent lines o f f , ,  
say J '  and J" ,  so that J '  c 0~ ,  J "  ~ 0N. Let P =  (x0 . . . . .  x v) and Q = (y0, -.-, y,)  
be two independent F-paths where P c , ~ ,  Q c ~ ,  so that xp~J', yq~J". There 
are two edge-disjoint chains K',  K",  each either a segment of  a line off~ or a single 
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vertex, which connect x0, Y0, respectively with distinct members of A.,. Without loss 
of generality let K" connect x0 with Sl and K" connect Yo with s.,. Add 
(s,K'xoPxpJ'tl) to J[ and (t.,J"yqQyoK'so") to f~. This will give a Z-flow F' with 
II F'[I = Ilfll + 2 ~ m i n  c(Z; c), contradicting (2.3.1). 

Thus 1[.£11=1, whence, by (2.4.5) and (2.7.4), also IIAII = 1. II 

(3.3.6) Let now L,, L, denote the lines o f £ ,  f,, respectively, and let us fix two inde- 
pendent F-paths P=(x0 . . . .  ,xp), Q=(y0 . . . . . .  l,~) with xo~,yo and xp>-3;~, by 
(2.7.6). We have {x0, yq}# {s~, h} and {Y0, xp}# {so", h} for otherwise the paths 
L~, L,, P and Q could be used to increase llf~[[ or Ilf21l by 2, contrary to (12.3.1). There- 
fore the subgraph H=ZUL~UL, UPUQ of G(c)UZ is a subdivision of F, see 
Figure 2. Let C denote the cycle of H - Z ,  i.e. C=[coPxpL~yqQyoL, xo], and for 
.,vcc {s,, s2, tl, t.,} let H.,. denote the half-open chain of H - Z  connecting xEH= 
with C, without its end-vertex on C (if xCC then H~=~). Then .[; andJ~ lie in dis- 
tinct closed "half-spheres" defined by C. Further, F is a Z-flow in (V, c--cH) whence 
maxf ( ° (Z ;  c--cH)~llFl I while, on the other hand, min c(Z; c - c n ) ~ m i n  c(Z; c ) -  
- ra in  c(Z: cH)=min c(Z; c)-2~[IFI[,  by (3.3.5). This, together with Proposition 
2.1, proves Theorem 2. II | 

Fig. 2 

(3.3.7) Now the above arguments and the resulting subgraph H are seen to be in- 
variant under exchange of the roles of s.> and t~. (3.3.5) shows that there exists a 
minimal Z-cut separating V~ from V,, say c$U~ with V.~ Ut. By symmetry, there 
also exists a minilnal Z-cut separating [st L~.xo P.v~ L t to] from Is., L~)'o Qyq Lt tl], say 
~5 U2 with B~ c__ U2. 

(3.3.8) Proposition. For c~= l, 2, inin c(z~, c)=llJ~l[ + l and at least one of s=, t= 
is separated froln C by a minimal z=-cut. 

Proof. Consider 7=  1. Add (slLsxoPxvL, q ) to f l  and letf~' denote the flow thus 
obtained. We show that J[' is a maximal q-flow in (V, c). Let a path R=(z0, q,  ..., z,) 
be called J'easibh, if for each i=  1 . . . . .  i" either .['1"(z~-1, zi)<c[zi-1, z~] or 
f,'(z~, Zi_l)>0. Suppose that zo~tl, ~, , ,EH-Hsl  and {q . . . . .  z~-l} does not meet 
H. Then R belongs to the component o f , S : - C  not containing J~, whence f2(x, y), 

fz(Y, x) are zero for each edge [x, y] of R. Further, G CCUH,~, by planarity. 
We see that G cannot belong to ]YoQyq[ or [qLtxp]. For put Q'=R if z,~_ 

C-_[qLtxp] and Q'=(zoRz, Qy~) if z~(].voQyq[. Then Q' and P are independent and 
Q'M=P contradicting (2.7.67. 
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Thus Zr~]xpPxoLsyo]. Let s~ denote the nearest to s~ vertex of H~ from which 
H - H s ~  can be achieved by a feasible path, and put Hs'~--[s~H~s~). Similarly, define 
H{~ in terms of  feasible paths from H -  Ht~ to H~. I f  both H~,  1-1{1 are empty, then 
let R~ and R t be feasible paths from st to H - H ~  and from H - H , ~  to q ,  respec- 
tively. HUR~(JR,  contains two independent F-paths from s~ to fi contradicting 
(2.3.1). Thus, say, H~'~ is non-empty. 

Let S~ denote the set of  vertices vE V such that there exists a feasible path 
f rom H~ to v. Then 6Sa is a minimal zl-cut in (V, c), for if xCS~, y~ V - S 1  and 
c[x, y] >0,  then f {  (x, y)= c[x, y] and J~'(y, x ) = 0  to prevent y from being achieved 
by a feasible path passing through (x, y). 

Similar arguments work for sz and t~. 

(3.3.9) We may assume, due to the symmetry, that for each ~ =  I, 2 (V, c ) h a s a  mini- 
real z,-cut 6S~ separating s, from C. By the construction, St, $ 2 c  Ua, S~c  Uz, 
S~ c V -  Uz (cf. (3.3.7)). It is also seen that 6 (S~ U S~) = 6 $1 U 6 $2 is a minimal Z-cut 
of  (V, c) and that Sx U S., is a proper subset of  (./1 since V(L~) c= Ut. This proves 
Corollary 2. 

Now, the atoms generated by U~, U.,, S~ and So are: 

S1,So-; T I = V - U 1 - U o - ,  T2= U~-U~:  

R~ = U~fqU2-S~, R2 = U 1 - U z - S ~ .  

The c-capacities o f  the edges of  6Rt and 6R~ are saturated by Jk,/~ and cn, whence 
both c(6RO, c(6Ro-) are odd. This means that (V, c) is Z-special. This completes the 
proof  of  Theorem 1. II II 
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